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Abstract

We analyze the problem of pseudo-Boolean function optimization by introduc-
ing the notion of stochastic relaxation, i.e., we find minimaof f by minimizing
its expected value over a set of distributions. By doing this, the parameters of
the statistical model become the new variables of the optimization problem. We
introduce possible parametrizations for the exponential family, and we provide a
characterization of the stationary points of the relaxed problem, together with a
study of the minimizing sequences with reduced support. Finally, we show how
stochastic relaxation can be interpreted as a unifying framework for the analysis
of classical techniques in linear programming and stochastic optimization.

1 Introduction

Pseudo-Boolean functions are real-valued functions defined over a vector of binary variables [5].
They appear in many different fields and are well studied in integer programming and in combinato-
rial optimization, in particular we refer to the optimization of these functions as0/1 programming.
The problem is of particular interest, since it is NP-hard inthe general formulation [21], and no
exact polynomial-time algorithm is available in the literature.

A number of algorithms and meta-heuristics has been proposed in the literature in the last
decades [5]. In particular, many techniques introduce a newrelaxed optimization problem, whose
solution provides upper or lower bounds for the optimum of the original function. Probably the most
common is the linear programming (LP) relaxation, where binary variables are replaced by contin-
uous variables, constrained in the[0, 1] interval. Recently, many techniques have been developed
along this line of research based on relaxations, as described in [15]. Both [19] and [17] provide hi-
erarchical sequences of LP relaxations with finite convergence for0/1 programming. Similarly, the
method in [13] and [14] describes a way to construct Semidefinite Programming (SDP) relaxations,
extending previous works on the representation of positivepolynomials as sums of squares.

In this work we present an approach to the optimization of pseudo-Boolean functions based on a par-
ticular type of relaxation calledstochastic relaxation, i.e., the original optimization problem defined
over a vector of binary variables is replaced by a continuousoptimization problem, where the new
objective function is the expected value of the original function w.r.t. some probability distribution.
We provide some theoretical results about critical points and minimizing sequences of the relaxed
problem based on the exponential family and we show how such approach to optimization can be
considered as a unifying framework for a number of algorithms in0/1 programming.

1



2 Notation and Parametrizations

In the following we introduce, for later convenience, an harmonic encoding based on the discrete
Fourier transform instead of the standard0/1 encoding for binary variables, i.e., we mapy = {0, 1}
to x = (−1)y, so that−10 = +1, and−11 = −1. LetL = {0, 1}n, I ⊂ L, Ω = {+1,−1}n, and
x = (x1, . . . , xn) ∈ Ω be a vector of binary variables. Any pseudo-Boolean function f : Ω → R

has a unique representation given by the (square-free) multi-linear polynomial

f(x) =
∑

α∈I

cαx
α,

where we employed a multi-index notation for the monomials based on the exponential map
α 7→ xα, with α = (α1, . . . , αn) ∈ I, andxα =

∏n
i=1 x

αi

i . In other words, a pseudo-Boolean
function can be represented by a setI of exponents of the monomials, and the corresponding nonzero
real coefficients. Each indexα in I represents aα-monomial interactionamong the variables inxα

of order equal to the degree ofxα.

In order to introduce the notion of stochastic relaxation, we need to define probability distributions
over the elements of the sample spaceΩ. Let the functionXi : Ω → {+1,−1} represent thei-th
componentxi of x. From a probabilistic point of view, eachXi is a random variable and the vector
X = (X1, . . . , Xn) a random vector defined over the observation spaceΩ. A probability distribution
is a probability measureP overΩ and, since it is discrete, it corresponds to the probabilitydensity
function ofX , p(x) = P(X = x) = px, that describes the density of probability at eachx. We
define astatistical modelM for X as a set of probability distributions, i.e.,M = {p(x)}. In
case we deal with parametric statistical models, we writeM = {p(x; ξ)} = {pξ}, with ξ ∈ Ξ, to
underline the dependence on the parameter vectorξ. Some useful properties derive from the non
standard harmonic encoding we introduced. In particular, if we extend the multi-index notation
to the random variablesXi, it is easy to show thatE0[X

αXβ] = 1 if and only if α = β, and0
otherwise, whereE0[·] is the expected value w.r.t. the uniform distribution. It follows that{Xα}α∈L

forms an orthonormal basis for the space of all pseudo-Boolean functions.

We consider the setP≥ of all possible probability distributions forX , i.e., the most general statistical
model that includes allp(x) : Ω → [0, 1], such thatp(x) ≥ 0 for all x ∈ Ω and

∑

x∈Ω p(x) = 1. The
setP≥ corresponds to the probability simplex∆, and a natural parametrization for the distributions
in this model is given by the vector ofraw parametersor raw probabilitiesρ = (px)x∈Ω. Since all
probabilities must sum to1, there are only2n − 1 free parameters inρ. In the following we denote
with P> the set of strictly positive distributions, i.e., allp(x) ∈ P≥ such thatp(x) > 0 for all x ∈ Ω.

A second equivalent parametrization forP≥ is given by the set ofα-momentsηα = Ep[X
α], with

α ∈ L. The vectorη = (ηα)α∈L has2n components, known in the literature asexpectation param-
eters. SinceΩ is a finite set, any probability distributionp(x) can be written as

p(x) = 2−n
∑

α∈L

ηαx
α,

that is, probability distributions overΩ are pseudo-Boolean functions with coefficients that corre-
spond to theα-momentsηα, up to the normalizing constant2−n. The relationship between ex-
pectation and raw parameters is given by the linear transformationρ = 2−nAη, and the matrix
A = [xα]x∈Ω,α∈L is known in statistics asdesign matrix. In the following we use a lexicographic
ordering for the elements of bothρ andη, with +1 ≺ −1 for anyXi, and0 ≺ 1 for anyαi. The
matrixA has dimension2n × 2n, its rows are associated to the sample spaceΩ, while the columns
correspond to all possible monomials generated from the components ofX . With the conventions
introduced for the ordering of the elements ofρ andη,A can be constructed as a series of Kronecker
products of the base matrix

A1 =

[

0 1

+ 1 1
− 1 −1

]

.

It is easy to verify thatA = A⊗n
1 . Due to the properties of the Kronecker product,A is invertible

if and only if so isA1, since(A ⊗ B)−1 = A−1 ⊗ B−1, we haveA−1 = (A−1
1 )⊗n = 2−nA⊗n

1 ,
so the relationship betweenρ and η is invertible andη = Aρ. The constraints that apply toρ
parameters translate straightforward into equivalent conditions for theη parameters. First, since
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raw probabilities sum to1, it is easy to show thatη0 = 1, whereη0 = η(0,...,0). Second, due to
non-negativity constraints onρ, we can derive the linear inequalityAη ≥ 0 that must be satisfied for
theα-moments in order to identify a proper distribution. In the space of theη parameters, the set of
inequalitiesAη ≥ 0 identifies a convex polytopeP∆, calledexpectation polytope, e.g., [6, 7, 10].

From an information geometric point of view [4, 3], under some regularity conditions, a statistical
model of strictly positive probability measures forms a (statistical) manifoldM of distributions,
where a pointp in M corresponds to a probability distribution in the model. In case of parametric
models, the parameter vectorξ works as a coordinate set (or chart) over the manifoldM, andξ
identifies a probability distributionp in M. A manifold may have different (equivalent) coordinate
sets, and similarly the same statistical model can be parametrized in different ways.

We now introduce a third possible parametrization forP> based on the exponential family. Since
any function defined over a vector of binary variables can be expressed as a polynomial, we consider
the (exact) expansion of the log probabilities, given by

log p(x; θ) =
∑

α∈L

θαX
α =

∑

α∈L∗

θαX
α − ψ(θ),

whereL∗ = L \ {0}, andψ(θ) is the normalizing factor. Statistical models of this form are known
as (saturated)log-linear modelsand are well studied in categorical data analysis for the analysis of
contingency tables [2]. Using a more compact notation we have log ρ = Aθ, where the logarithmic
function is applied element-wise to the components of the vector ρ, and the matrixA is the one
previously defined. We employ forθ = (θα)α∈L the same ordering of the elements as inη.

Log-linear models belong to the more general exponential family of probability distributions where
the monomialsXα are thecanonicalorsufficient statistics, and the normalizing factorψ(θ) is known
aspartition functionor cumulant generating function. The parameters inθ are usually callednatu-
ral or canonical parametersof the exponential family and provide another possible parametrization
for the statistical manifold. Due to the exponential function, probabilities in the exponential family
never vanish, so that only distributions with full support can be represented using this parametriza-
tion. As a consequence, statistical models that belong to the exponential family only contain distri-
butions inP>, i.e., points in the interior of the probability simplex, orequivalently, in terms ofη, in
the interior of the expectation polytope. As for the expectation parameters, the constraints on raw
probabilities translate into conditions for natural parameters. Fromρ ≥ 0, we haveeAθ ≥ 0, which
is always satisfied for anyθ, so thatθ takes values inR2n

. From the condition that raw probabilities
sum to1, we haveθ0 = − log

∑

x∈Ω e
P

α∈L∗ θαXα

. The relationship betweenρ andθ is invertible
andθ = 2−nA log ρ. Transformations betweenρ, η, andθ can be combined, so that each parameter
set can be derived from the others.

3 Stochastic Relaxation based on the Exponential Family

We want to find the global minima of a pseudo-Boolean functionf . This combinatorial problem can
be formalized as the unconstrained0/1 optimization problem

(P) minf(x) s.t.x ∈ Ω.

In this paper we analyze thestochastic relaxationof the original functionf , that is, we look for
minima of the mappingEp∈P≥

[f ] : P≥ → [min f,max f ]. We introduce a parametrizationξ
that uniquely identifies distributions inP≥, so that the new relaxed optimization problem can be
formulated as

(R) minEpξ
[f ] s.t.ξ ∈ Ξ

The parameter vectorξ is the new vector of variables in (R), and since we choose continuous
parametrizations, bothEp∈P≥

[f ] and (R) are continuous. In the following we state some results
about (R), although we do not include proofs due to limited space.

Theorem 3.1. Given the0/1 optimization problem (P) and the associated stochastic relaxation (R)

(i) (P) and (R) are equivalent, i.e., a solution to either onedetermines a solution to both

(ii) let Ω′ ⊂ Ω be the set of points wheref reaches its minimum, solutions to (R) are distribu-
tions with reduced support included inΩ′
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(iii) there exists a sequence of distributionsp(x; ξ(n)) in P> such thatlimn→∞ p(x; ξ(n)) = q
andEq[f ] = min f

The problems (P) and (R) have the same complexity, indeed even if under a proper choice of the
parameters the relaxed function may become linear, on the other side the number of linear inequal-
ities required to define the domain of the parameters is usually at least exponential inn. For this
reason we are interested in the choice of a subset of probability distributionsM ⊆ P≥, identified
by a lower dimensional space in the probability simplex. In order to ensure that a solution to the re-
laxed problem implies a solution to (P), we need to guaranteethat the closure of the model includes
distributions with reduced support included inΩ′.

The idea of finding the minimum of a function by employing a onedimensional statistical model is
well known in the literature, e.g., [8]. Consider the non negative functionf(x) ≥ 0 defined over
Ω, such thatf(x) = 0 for some values in the domain, but not everywhere zero. In order to find the
minimum off , we introduce the statistical model

p(x;β) =
e−βf(x)

Z(β)
, β > 0, with Z(β) =

∑

x∈Ω

e−βf(x). (1)

In the statistical physics literature Equation (1) is know as Gibbs (or Boltzmann) distribution, f(x)
is usually calledenergy function, the parameterβ the inverse temperature, andZ(β) thepartition
function. The Gibbs model is not closed in the topological sense, indeed it does not include the
limit distributions forβ that tends to0 and to+∞, e.g., [9]. Asβ → 0, p(x;β) tends to the
uniform distribution overΩ, sincelimβ→0 e

−βf(x) = 1. On the other side asβ → +∞ we have
that limβ→+∞ e−βf(x) = 1 if f(x) = 0 and0 otherwise, that is, the Gibbs distribution converges
to the uniform distribution defined over the reduced supportwith zero (minimal) energy. Moreover
we have∇βEpβ

[f ] = −Varpβ
[f ], i.e., the derivative of the expected value of the energy function is

negative, so that the expected value decreases monotonically to its minimum value asβ → +∞. The
assumption on the non negativity of the energy can be easily removed, and the Gibbs distribution
is in principle a good candidate model for a stochastic relaxation, since it admits as limit a global
optimum of (R). On the other hand in order to employ it, we needan explicit formula forf , and an
efficient way to compute the partition function, which involves a sum over the entire sample space.

In many applications only partial knowledge aboutf is available, for example when only the list
of monomials off is known, but not the value of the related coefficients. An intermediate choice
between the Gibbs distribution and the saturated modelP≥ can be obtained introducing log-linear
models in the relaxation. The choice of the monomials that appear as sufficient statistics in the log-
linear model, allows to determine which interactions amongthe variables to include in the statistical
model. Given a list of indicesM∗ ⊂ L∗, we introduce the log-linear model

Mθ = {p(x; θ)} =

{

exp

(

∑

α∈M∗

θαx
α − ψ(θ)

)}

, θα ∈ R, (2)

and the associated optimization problem given by the stochastic relaxation w.r.t. somepθ in Mθ

(M) min Epθ
[f ] s.t.pθ ∈ Mθ.

Observe thatMθ only includes distributions with full support, so that the minimum of (R), for
non-constant functions, is never reached in (M).

In the previous section we defined the polytopeP∆ as a linear transformation of the simplex∆.
More in general, given an exponential model and the associated set of sufficient statistics given by
M∗, we define the expectation polytopePM∗ as the closure of the image of the mappingMθ ∋
pθ 7→ Epθ

[Xα], with α in M∗. ClearlyP∆ = PL∗ . We state the most important results of the paper.

Theorem 3.2. Consider the stochastic relaxation (M)

(i) pθ ∈ Mθ is a stationary point ofEpθ
[f ] if and only ifCovpθ

(f,Xα) = 0, ∀α in M∗

(ii) if Epθ
[f ] admits a stationary point, it is a saddle point

Theorem 3.3. There exists a sequence of distributionsp(x; θ(n)) in Mθ such that
limn→∞ p(x; θ(n)) = q andEq[f ] = min f if and only if there exists a faceF ofPM∗ with vertices
in Ω′ andq is a distribution with reduced support given by the verticesofF .
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From the previous results (M) does not admit any solution, since the minimum is never attained,
however, it is possible to extend the model with its topological closure, for instance by reparametriz-
ing Mθ with the expectation parameters, so that all limit distributions are included in the model.
Another possibility is to approximate any point in the closure with the limit of a sequence of distri-
butions inMθ. In this case, if the limit distribution is a solution of (R),we can choose a distribution
p in Mθ such that the probability of sampling optimal solutions inΩ′ is as close as desired to1.

Notice that ifM∗ includes all linear terms, anyδx distribution, wherep(x) = 1, is a vertex of the
expectation polytopePM∗ . This observation encourages the choice of simple models, such as the
independence model, since allδx distributions are included in its closure. However the presence of
stationary points inMθ, and local solutions in its closure, depends on the choice ofthe model.

Given a functionf , we generalize the one dimensional Gibbs model by considering the log-linear
modelI where all monomials in the expansion off are sufficient statistics ofI, i.e., we define the
interaction modelI for f , orIf , as the statistical model in Equation (2) whereI \ {0} ⊂M∗.
Corollary 3.4. The mappingEpθ

[f ] with pθ ∈ If admits no stationary points and is linear inη.

As a consequence, if we employ a stochastic relaxation basedon the interaction model, a gradient
descent algorithm converges to a global minimum of (R). Thiscondition is a sufficient but not
necessary, as discussed in the following example.

4 A Simple Example

In this section we present a simple example of stochastic relaxation of a pseudo-Boolean function.
The reduced number of variables involved allows a complete analysis, aimed to get insights on more
general results. Consider the binary vectorx = (x1, x2), and the independence modelS identified
by all distributions inP≥ that factorize as the product of the marginal probabilities. The statistical
modelS is a subset of the simplex∆ identified by the invariantp00p11 = p10p01, similarly in the
expectation polytopeP∆ the model is described byη12 = η1η2, while in the natural parameters the
condition becomesθ12 = 0.1 If we consider theη parametrization, any relaxed function reads

Epη
[f ] = c0 + c1η1 + c2η2 + c12η1η2,

and the stochastic relaxation (M) extended to the closure ofS becomes

min Epη
[f ] s. t.

h1(η) : η1 + 1 ≥ 0
h2(η) : −η1 + 1 ≥ 0

h3(η) : η2 + 1 ≥ 0
h4(η) : −η2 + 1 ≥ 0

.

The linear inequalitieshi(η) identify the expectation polytopePM∗ associated toS, whereM∗

contains the indices for the linear termsX1 andX2. We arbitrary fix the value ofc1 andc2 and we
perform a parametric analysis of the local minima of (M) as the parameterc12 changes. Ifc12 = 0,
the functionEpη

[f ] is linear and sincePM∗ is a convex set, there exists only global solutions that
belong to the boundary of the polytope. Letc12 6= 0, thenEpη

[f ] is nonlinear, andS does not
correspond to the interaction model forf . In order to determine stationary points we evaluate the
first order derivative∇ηEpη

[f ] = (c1 + c12η2, c2 + c12η1)
T. Only one stationary points exists, with

coordinatess = (−c2/c12,−c1/c12). In order to determine the nature ofs we evaluate the Hessian
matrix which has eigenvaluesλ1,2 = ±c12. Eigenvalues have different sign, so thats is a saddle
point. The coordinates ofs depend onc12 and it is easy to verify that if there is a critical point
in the interior ofPM∗ , then we have two different local optimal solutions on the boundary of the
polytope, and in general only one is a global minimum. On the other side, if there is no saddle point
in PM∗ , it follows that only one point in the polytope satisfies necessary conditions for optimality
and it corresponds to the global minimum for (M).

The conditions that determine the existence ofs in PM∗ can be expressed in terms of a relationship
among the coefficients off as|c1| ≤ |c12| and|c2| ≤ |c12|. In other words, if the strength of the
second order interaction among the two variables inf , given by|c12|, is smaller than at least one
of the two linear contributes, expressed by|c1| and|c2|, then there are no stationary points inPM∗ .
In the example discussed this implies that only a global optimum exists, so that a gradient descent
method converges to the optimum. This simple example shows that even if we employ a smaller
model than the interaction model, under some hypothesis on the value of the coefficients off , the
problem may still admin only global optimal solutions.

1We introduce an alternative notation forρ, η, andθ, wherep00 = p(0,0), η12 = η(1,1), andθ1 = θ(1,0).
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5 Analysis of Techniques and Meta-heuristics in0/1 Programming

The approach to optimization based on the stochastic relaxation of f provides a unifying framework
for several algorithms and meta-heuristics in0/1 programming that make use of probability distri-
butions to generate candidate solutions, or introduce a newset of variables that are a parametrization
for M.

The use of the Gibbs distribution in this context has been widely exploited. For example, in Simu-
lated Annealing based on the Gibbs sampler [11, 20] candidate solutions to the optimization prob-
lem are generated by sampling from the Gibbs model, while thetemperature parameter is lowered.
Another example of stochastic relaxation based on the exponential family is given by Boltzmann
Machines [1]. The functionf is encoded in a stochastic network by the weights of the connections
between the nodes. Proper stochastic update rules of the nodes lead to an equilibrium state for the
network that corresponds to the Gibbs distribution wheref is the energy function.

More recently, a framework for optimization based on MarkovRandom Fields, called DEUM [18]
has been proposed. The basic idea is to use an undirected graphical model [16] to represent the inter-
actions between the variables inf . Once a multiset of candidate solutions (or population) hasbeen
initialized, the parameters of the statistical model associated to the graph are estimated from a subset
of promising solutions, and a new population is generated bysampling. The procedure is iterated
until the population converges. The previous algorithm belongs to a more general meta-heuristics
called Estimation of Distribution Algorithms (EDAs) [12].Given an initial population, such algo-
rithms iterative select a subset of promising solutions, estimate the parameters of the model, and
then generate new candidate solutions by sampling. Many EDAs have been described in the liter-
ature, according to the choice of the statistical model and the parametrization employed. Different
statistical models have been proposed, such as undirected graphs and Bayesian networks, among the
others. Since the choice of the model able to represent the interactions in the function is crucial in
order to reduce the number of local minima in the stochastic relaxation, more recently the focus on
the EDAs literature is on the use of model building techniques in order to learnM at run-time.

All the stochastic iterative algorithms we mentioned describe a trajectory inM ⊆ P≥ that converges
to some distribution with reduced support associated to a (local) minima off . On the other side, all
techniques in0/1 programming based on the linearization off , see [21], make an implicit use of the
expectation parameters. The linearization of a pseudo-Boolean function is obtained by introducing
a new variable for each monomial that appears in its polynomial expansion. The new function
becomes linear in the new parameter space, but new constraints have to be introduced in order to
force consistency between the new variables. It is easy to verify that the convex hull of candidate
solutions in the new parameter space corresponds to the expectation polytopePM∗ associated to
If in theη parametrization. Differently from algorithms that work with natural parameters, where
the focus is on the implementation of efficient techniques tomimic a stochastic gradient descent
behavior, with the expectation parameters the focus is on obtaining an efficient linear approximations
of PM∗ , since in general an exact description requires a more than exponential number of equations.

6 Conclusions and Future Work

In this paper we presented an approach to0/1 programming based on the idea of the stochastic
relaxation. We introduced different parametrizations fora statistical model and we presented some
results related to the use of the exponential family. In particular we showed that the choice of a
proper model in the relaxation becomes crucial to ensure that no critical point exists. These results
encourage the use of model building techniques from statistics in order to detect correlations among
variables in the target function in black box contexts. The theoretical results we stated in this paper
can be considered as the starting point for a deeper analysisaimed to identify relationships for the
coefficients of the function to be optimized, that ensure that the choice of a smaller model, in terms
of interactions among the variables, does not introduce local minima in the relaxed problem.

The idea of the stochastic relaxation emerges in many different communities in optimization, and if
properly formalized it seems to be a good unifying frameworkfor a number of different algorithms
that, explicitly or not, make use of probability distributions to generate candidate solutions. The
modelling approach proposed in the paper is rather general and in principle can be adapted to other
classes of problems, such as combinatorial and polynomial optimization among the others.
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